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Abstract. BRST cohomology calculus in the space of superstring differential forms is treated 
in detail. The Hodge star duality transformation is introduced and the explicit expressions 
of cohomology operators are derived for superforms of arbitrary order. 

1. Introduction 

Supersymmetric string theories [l-41 can be viewed as serious candidates for a con- 
sistent unified theory of all fundamental interactions. They exhibit more and more 
remarkable mathematical structures and link together different ideas and methods in 
elementary particle physics. 

There exist several approaches to string theory; among these, especially promising 
is the recently developed version in which gauge symmetry and Lorentz covariance 
are displayed explicitly [5-lo]. In all constructions of this type the BRST symmetry 
and  the Fadeev-Popov ghosts play essential roles. In finding invariant equations for 
string functionals the formalism proves to be very convenient, based on cohomology 
calculus in the space of differential forms, considering the ghosts as differentials. This 
idea was initiated by Banks and  Peskin [7] and has been further developed in a series 
of papers (for example [ll-151). In  particular, Frenkel et a/ [14] have explained the 
similarity of the Banks-Peskin formalism with Kahler geometry and  set up a general 
theory in terms of a 'semi-infinite' cohomology. Bars and Yankielowicz [15] have 
discussed in detail the interpretation of the formalism as a new kind of differential 
geometry. 

The aim of this paper is to investigate further some issues along these lines. In 
particular, we introduce the Hodge star duality transformation for the bosonic string 
cohomology and extend the formalism to the Ramond and Neveu-Schwarz cases. 

2. Bosonic string cohomology ; Hodge star duality transformation 

The string differential ( g )  form is defined as [ l l ,  131: 

where {e,,,} and { e " }  are the sets of anticommuting dual bases of (A) and ( y )  forms, rn, 
n = 1,2,  . . . , w y l  n2 are functionals of string coordinates x l * ( a )  and can be considered 
to be antisymmetric with respect to upper and lower indices. The ordinary string field 
w [ x ( a ) ]  is thought of as the (E) form. 
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where 

L, are the generators of the Virasoro algebra 

ELn, Lml=(n  - m ) L , + , + ~ D n ( n 2 - l ) S n + ~ , ~  (2 .5)  
D being the dimension of spacetime. 

by -L-, ,  when acting on the (E) form, namely 
Let us define the operator d which is different from d only by replacement of L, 

1 m ,  ... m m m l . . . m p _ , k  
& ( P J  ( 4 )  - - [ -L-n,+,w mi"'mp nI . , . nq +iqVknqnq+gWnl . . .  n q ' i l k + P W k L q + l W n ~  ... n4 

x e"q+le"q., . e " l e m n . .  . e,, . (2.6) 

Let R N  be the space of all (:) forms with p ,  q s  N and the coefficients w ~ , ~ . : : . ~  

(2.7) 
for arbitrary r, whenever at least one of the indices k, m, n takes a value greater than 
N. It is not difficult to show that this definition of R N  is invariant under the operator 
a, i.e. if w'(",:RN, then dwi,";:R,. We now define the duality transformation * ( N I  

in the space R N  by the formula 

Like d, d is nilpotent. 

satisfying the condition 
m , . . . m  L - K ~ .  . L - K , W ~ , . . . ~ , , ~ = O  

where E,, , , (&"I  " v )  is totally antisymmetric with respect to m ( n )  with 

N = l .  

transforms into a (E:;) form E R N .  In particular, we have: 

1 2  
&I2 N = E  

It is clear from the definition (2.8) that under the operator a ( z )  form 

* 1 = e N . .  . e l e N . .  . e ,  
I N )  

* eh ' .  . . e ' e N . .  . e ,  = I 
( N I  

Further, let us define the co-derivative operator S in the following manner: 

(2.9) 

(2.10) 
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The direct calculations give: 

Swiqp;=(-l)qp[L-Kw;,' L P d  - j ( p - l ) v p w ; , ,  >-I lk 

m , . . . m  + q w I,, w ", , . , ,,,:;T; I enq . . . e n ,  em,_, . . . e,, (2.11) 

So, the operator 6 transforms a ( c )  form into a ( : - I )  form and its explicit expression 
does not depend on N. 

The nilpotency of S follows from the definition (2.10), equations (2.9) and the 
nilpotency of d. 

By defining the inner product of two forms ai,"; and as 

(2.12) 

with the property 

we have the duality relation: 

3. Superstring cohomology 

In the superstring case the differential superform (:) is defined as the generalisation 
of (2.1): 

(3.1) = at; G;eBq . . . eBieA,, . . . e , , .  

Here the superindices A = n, A are introduced with A taking positive half-integer 
values for the Neveu-Schwarz sector and positive integer for the Ramond sector. The 
dual basis forms {e,} and {e"} satisfy the permutation law 

eAleA2=-(Ai)(A2)(Ai 9 Az)eA,e~, (3.2) 

and analogously for eB,eB,, eAe". We have used the notation 

(A)  ( - l ) [A1 

(3.3) 

In accordance with (3.2) we can always consider U:; 2; to have the similar 

The exterior derivative operator d is defined by its action on the (E)  superform and 

( A , A 2 .  . . , B I B z . .  .) 3 ( - l ) ( [A~] ' [A~]+ ) ~ [ " ~ ] ~ [ " z ] +  

with [A] being the grading of index A, namely [n]  = 0, [ A ]  = 1. 

symmetry property with respect to upper and lower indices. 

on e,, e", which is the generalisation of (2.3): 

dw = FBweB 

deA=(B)WiBe"e, (3.4) 
de"  = (D)4V&eDec 

with Leibnitz rule 
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Here FA = L, ,  G, stand for the generators of the super-Virasoro algebra 

(3.6) 

r = 1 for Neveu-Schwarz sector and 0 for Ramond sector. V z B  and W i B  denote the 
structure constants (of these the non-vanishing values are given in (2.4)) and 

v iu  =2Sfi.Atrr (3.7) 

which is the generalisation of (2.2). 

constants: 
The nilpotency of d can be verified, using the following identities for the structure 

v,", vFD + ( A B ,  c v:< V: 

VFA WED - W ~ A  WEc + ( A ,  C )  w& 
+ ( CA, B V& vED = o 

(3.9) 
= 0. 

For the co-derivative operator 6 we find the following generalisation of (2.11): 

Swj,P:=(-l)yp(BI). . . (B , ) (C,  B ,  . . . B , ) ( C ) q  
X [ F - C W ~ :  ;;-I' - ~ ( p - l ) ( C , A p - ~ B ~ .  . . B,)(C)'V~E~WG: A B~p-2  DC 

+ ( C ) q W & - w : ;  $ : ; ; ] e B q  . . . eBIeA,-,  . . . e A , .  (3.10) 

Finally, let us quote briefly the isomorphism between the formalism based on 

Denote the superconformal ghosts and antighosts related to the coordinate 
cohomology in the space of differential forms and the BRST formalism. 

reparametrisation by g ,  and g A .  They satisfy the commutation relations: 

[ g A ,  g B l l  A ) (  B ) ( A .  E )  

[ g A ,  g B l , A ) ( B , i A , B , = [ g A ,  g B l , A ) ( B ) , A , B ) = o  

g A g B  + ( A ) ( B ) ( A ,  B ) g B g A  = 8A+B,0 
( 3 . 1 1 )  

and the Hermiticity condition: 

Consider the state U;," ;  constructed in Fock space on the vacuum 10) in the following 
manner: 

with the vacuum satisfying the condition 

g A / O )  = g A l o )  = A > 0 .  
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By defining 

d E  FAg-A-  c ( B ,  c ) [ i v $ s g - A g - s g c +  W & ~ - C ~ - A ~ B ]  (3.13) 

we find that the actiun of d and dt  on the state U:,"! defined in (3.11) is given by 
formulae quite analogous to (3.8) and (3.10). So, we have the following isomorphism: 

eBq. . .  eBleA,, .  . . e A , - g - B c l . .  . g - B , g - A p . .  . g...All~) 

A>O A,B ,C  > O  

d-d 6 * d'. 
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